In this paper, we continue to investigate topological properties of IH and its two star versions namely SSIH and SIH. We characterized I-Hurewicz property by I-Hurewicz Basis property and I-Hurewicz measure zero property for metrizable spaces. We also characterized I-Hurewicz property, star-I-Hurewicz property and strongly star-I-Hurewicz property using selection principles.
Introduction
The study of topological properties via various changes is not a new idea in topological spaces. The study of selection principles in topology and their relations to game theory and Ramsey theory was started by Scheepers [19] (see also [32] ). In the last two decades it has gained the enough importance to become one of the most active areas of set theoretic topology. So the study of covering properties (more precisely, of selection principles) became one of the more active and prevailing areas for research in General Topology. In covering properties, Hurewicz property is one of the most important properties. A number of the results in the literature show that many topological properties can be described and characterized in terms of star covering properties (see [15, 4, 21, 22] ). The method of stars has been used to study the problem of metrization of topological spaces, and for definitions of several important classical topological notions. We here study such a method in investigation of selection principles for topological spaces.
In 1925, Hurewicz [30] (see also [31] ) introduced Hurewicz property in topological spaces and studied it. This property is stronger than Lindelöf and weaker than σ-compactness. In 2001, Kočinac [12] (see also [18] ) introduced weakly Hurewicz property as a generalization of Hurewicz spaces. Every Hurewicz space is weakly Hurewicz. In 2004, the authors Bonanzinga, Cammaroto, Kočinac [16] introduced the star version of Hurewicz property and also introduced relativization of strongly star-Hurewicz property. Continuing this, in 2013, the authors Song and Li [35] introduced and studied almost Hurewicz property in topological spaces. In 2016, Kočinac [11] introduced and studied the notion of mildly Hurewicz property. In 2018, Das et al. [24] introduced strongly star-I-Hurewicz and star-I-Hurewicz properties in topological spaces. Here we studied the strongly star-I-Hurewicz and star-I-Hurewicz properties and provided some examples to make a complete study of these properties.
for each n, V n is a finite subset of U n and {St( V n , U n ) : n ∈ ω} ∈ B or there is some n such that St( V n , U n ) = X.
Let K be a family of subsets of X. Then we say that X belongs to the class SS ⋆ K (A, B) if X satisfies the following selection hypothesis that for every sequence < U n : n ∈ ω > of elements of A there exists a sequence < K n : n ∈ ω > of elements of K such that {St(K n , U n ) : n ∈ ω} ∈ B.
When K is the collection of all one-point [resp., finite, compact] subspaces of X we write SS ⋆ 1 (A, B) [resp., SS ⋆ f in (A, B) , SS ⋆ comp (A, B)] instead of SS ⋆ K (A, B). In this paper A and B will be collections of the following open covers of a space X:
O : the collection of all open covers of X. Ω : the collection of ω-covers of X. An open cover U of X is an ω-cover [7] if X does not belong to U and every finite subset of X is contained in an element of U.
Γ : the collection of γ-covers of X. An open cover U of X is a γ-cover [7] if it is infinite and each x ∈ X belongs to all but finitely many elements of U.
O gp : the collection of groupable open covers. An open cover U of X is groupable [14] if it can be expressed as a countable union of finite, pairwise disjoint subfamilies U n , such that each x ∈ X belongs to U n for all but finitely many n.
I − O gp denotes the collection of all I-groupable open covers of X; a open cover U of X is I-groupable [27] if it can be represented in the form U = n∈ω U n , where U n 's are finite, pairwise disjoint and each x ∈ X, {n ∈ ω : x / ∈ U n } ∈ I. A nonempty collection I of subsets of X is called an ideal in X if it has the following properties: (i) If A ∈ I and B ⊆ A, then B ∈ I (hereditary) (ii) If A ∈ I and B ∈ I, then A ∪ B ∈ I ( finite additivity). According to Rose and Hamlet [2] (X, τ, I) denotes a set X with a topology τ and an ideal I on X. For a subset A ⊆ X, A ⋆ (I) = {x ∈ X : U ∩ A / ∈ I, for all open sets U containing x} is called the local function of A with respect to I and τ [5] . In 1999 J. Dontchev et a1. [5] called a subset A of a space (X, τ, I) to be I-dense if every point of X is in the local function of A with respect I and τ , that is, if A ⋆ (I) = X. An ideal I is codense if I ∩ τ = {∅}. We denote the ideal of all nowhere dense sets by I N D and ideal of all finite(countable) sets by I f in (I c ). An ideal is σ-ideal if it is closed under countable additivity, that is if A n ∈ I, then ∪A n ∈ I. For more details of ideals follow [3] and [8] .
Throughout the paper I denotes the proper admissible ideal of subsets of natural numbers.
Definition 2.1. [30]
A space X is said to have Hurewicz property (in short H) if for each sequence < U n : n ∈ ω > of open covers of X there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U n and each x ∈ X belongs to V n for all but finitely many n.
Definition 2.2. [16]
A space X is said to have star-Hurewicz property (in short SH) if for each sequence < U n : n ∈ ω > of open covers of X there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U n and each x ∈ X belongs to St( V n , U n ) for all but finitely many n.
Definition 2.3. [16]
A space X is said to have strongly star-Hurewicz property (in short SSH) if for each sequence < U n : n ∈ ω > of open covers of X there is a sequence < A n : n ∈ ω > of finite subsets of X such that each x ∈ X belongs to St(A n , U n ) for all but finitely many n.
Let I be an admissible ideal in ω. Then we have the following two definitions.
Definition 2.4. [25]
A space X is said to have I-Hurewicz property (in short IH) if for each sequence < U n : n ∈ ω > of open covers of X there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U n and for each x ∈ X, {n ∈ ω : x / ∈ V n } ∈ I.
Definition 2.5. [24]
A space X is said to have star-I-Hurewicz property (in short SIH) if for each sequence < U n : n ∈ ω > of open covers of X there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U n and for each x ∈ X, Call a space σ-strongly starcompact if it is a union of countably many strongly starcompact spaces.
Properties of IH spaces
The symbol IH(X) denotes the following I-Hurewicz game [27] on X: players ONE and TWO play a round for each n ∈ ω. In the nth round player ONE chooses a open cover U n for X and then TWO chooses a finite set V n ⊆ U n . TWO wins a play U 1 ;
Characterizations of I-Hurewicz property From Lemma 3.1, it is clear that spaces X having the I-Hurewicz property satisfy: each open cover of X has a countable subcover, that is, each I-Hurewicz space is Lindelöf. Therefore, when we work with the I-Hurewicz property, we may assume that all open covers of a space are countable. Note also that a space X has the I-Hurewicz property whenever ONE does not have the winning strategy in the game IH(X).
Notice that any U ∈ Ω satisfies: For each k and each partition
A space X is called ω-Lindelöf if each cover in Ω has a countable subcover. In next theorem, we talk about countable covers. (3) ⇒ (1). Let < U n : n ∈ ω > be a sequence of open covers of X. Since ONE has no winning strategy in the game Let A and B be families of subsets of the infinite set S. Then CDR sub (A, B) denotes the statement that for each sequence < A n : n ∈ ω > of elements of A there is a sequence < B n : n ∈ ω > such that for each n, B n ⊆ A n , for m = n, B m ∩ B n = ∅, and each B n is a member of B. Proof. Let < U n : n ∈ ω > be a sequence of open covers of X. Since X has the property CDR sub (O, O) we may assume that U n 's are pairwise disjoint. Since X has IH property there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U n and for each x ∈ X, {n ∈ ω : x / ∈ V n } ∈ I. Then V n 's are pairwise disjoint and hence n∈ω V n is an I-groupable cover of X.
If we use stronger condition than IH property, then we can drop CDR sub (O, O). Proof. Let X be a topological space such that One does not have a winning strategy in IH(X) game. Let < U n : n ∈ ω > be a sequence of large covers of X. Consider the following strategy σ of ONE in the I-Hurewicz game on X. In the first inning ONE plays σ(∅) = U 1 . If TWO responds with the finite set T 1 , then ONE plays σ(T 1 ) = U 1 \ T 1 . If TWO responds with the finite set T 2 ⊆ σ(T 1 ), then ONE plays σ(T 1 , T 2 ) = U 3 \ (T 1 T 2 ) and so on. Since σ is not a winning strategy for ONE, consider a σ play σ(∅), T 1 , σ(T 1 ), T 2 , σ(T 1 , T 2 ), T 3 , ... which is lost by ONE. Then the sequence < T n : n ∈ ω > of moves by TWO are disjoint from each other (by the definition of the strategy σ) and for each x ∈ X the set {n ∈ ω : x / ∈ T n } ∈ I.
It can be noted that for a space X, For the converse we consider inverse invariant ideal. An ideal I of ω is called inverse invariant [26] if for an increasing function f :
Theorem 3.6. Let I be an inverse invariant ideal and X be an ω-Lindelöf space. If X satisfies S f in (Ω, I − O gp ), then X has the I-Hurewicz property provided that S 1 (F (I), F (I)) holds.
Proof. Let < U n : n ∈ ω > be a sequence of countable open covers of X. Let M be the set of all those positive integers n such that U n contains a finite subset covering X. If M ∈ F (I) then there is nothing to prove. Otherwise rewriting < U n : n ∈ ω \ M > as < U n : n ∈ ω > we have to show that each of these U n has a finite sub-family satisfying the condition of I-Hurewicz property. For each n define the set V n to be the set of finite unions of elements of U n . Then each V n is in Ω. Since X is ω-Lindelöf, there is a countable ω-subcover W n , say W n = {V n,k : k ∈ ω}. From covers W n , n ∈ ω, we define new covers P n ∈ Ω in the following way :
For each element of P n choose a representation of the form V 1,m1 ∩V 2,m2 ∩...∩V n,mn with n < m 1 < m 2 < ... < m n . Apply (2) to the sequence < P n : n ∈ ω > to find for each n a finite set A n ⊂ P n such that n∈ω A n ∈ I − O gp . Then we can choose finite, pairwise disjoint sets H n , n ∈ ω, such that n∈ω A n = n∈ω H n , and each
Since each H n is finite and pairwise disjoint, each A n is cofinite subset of natural numbers and hence belongs to F (I)(as I is admissible). As S 1 (F (I), F (I)) holds, there is a sequence < k i : i ∈ ω > such that k i ∈ A i for each i, and {k 1 < k 2 < ...} ∈ F (I). Then H k1 ⊆ i>1 A i . Let G 1 denote the set of all V 1,p , that occurs as a first components in the chosen representations of elements of H k1 . Now H k2 ⊆ i>2 A i . Let G 2 denote the set of all V 1,p , that occurs as a second components in the chosen representations of elements of H k2 . Continuing in this way, we obtain finite sets G n ⊂ V n .
Since
For each element F of G n choose finitely many elements of U n whose union is F and let L n denote the finite set of elements of U n chosen in this way and G n = L n for each n. Then the sequence < L n : n ∈ ω > witnesses for < U n : n ∈ ω > the I-Hurewicz property of X. (1) X has IH property; (1) X has IH property;
Recall the following notion in Ramsey theory, called the Baumgartner-Taylor partition relation (see [6] , d) has the Menger basis property if there is for each basis B of (X, d) a sequence < U n : n ∈ ω > such that lim n→∞ diam d (U n ) = 0, and {U n : n ∈ ω} covers X. In [30] Hurewicz showed that the Menger basis property is equivalent to the Menger covering property S f in (O, O) . When the spaces in question are metrizable the Hurewicz property can be similarly characterized by a Hurewicz basis property. We show now that also the I-Hurewicz property is characterized by a basis property. (1) X has the I-Hurewicz property;
(2) X has the I-Hurewicz basis property.
Proof. Let X has the I-Hurewicz property and let B be a basis of X. Now define U n = {U ∈ B : diam d (U ) < 1/(n + 1)}. Then for each n, U n is a large open cover of X. Since X has the I-Hurewicz property, by Corollary 3.9, there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U n ⊆ B and for each n∈ω V n is an I-groupable cover of X. Then for n∈ω V n = {U n : n ∈ ω}, lim n→∞ diam d (U n ) = 0. Conversely, let X be a space having I-Hurewicz basis property and < U n : n ∈ ω > be a sequence of open covers of X. Now assume that if an open set V is a subset of an element of U n , then V ∈ U n . For each n define 
Thus U is a basis for X.
Since X has I-Hurewicz basis property, there is a sequence < W n : n ∈ ω > of elements of U such that {W n : n ∈ ω} is an I-groupable cover of X and lim n→∞ diam d (W n ) = 0. Then n∈ω W n = {W n : n ∈ ω} such that each W n is finite, W n ∩ W m = ∅ for n = m and each x ∈ X, {n ∈ ω : x / ∈ W n } ∈ I. Without loss of generality, let
and so on. Now we get a sequence m 1 < m 2 < m 3 < ... < m k < ... obtained from I-groupability of {W n : n ∈ ω} such that for each x ∈ X,
For each n, select the least k n and sets U n and V n from U kn . Since each U n has the property that if an open set V is a subset of an element of U n , then V ∈ U n , U n , V n ∈ U kn . Since lim n→∞ diam d (W n ) = 0, for each W n , there is maximal m n such that diam d (W n ) < 1/m n . Then 1/k n < diam d (W n ) < 1/m n implies that k n > m n for each n and lim n→∞ m n = ∞. Since lim n→∞ diam d (W n ) = 0, so for each k n , there are only finitely many W n for which the representatives U n , V n are from U kn and have diam d (U n ∪ V n ) > 1/k n . Let V kn be the finite set of such U n , V n . Now choose l 1 > 1 so large such that each W i with i ≤ m 1 has a representation of the form U ∪ V and U 's and V 's are from the sets V ki , k i ≤ l 1 . Then select j 1 so large such that for all i > j 1 , if W i has representatives from V ki , then k i > l 1 .
For choosing l 2 , let m k be least larger then j 1 , and now choose l 2 so large that if W i with m k ≤ i < m k+1 uses a V ki , then k i ≤ l 2 , that is, choose maximal of k i for which m k ≤ i < m k+1 and say l 2 , then l 1 < k i ≤ l 2 . Now choose maximal of i for which the representation of W i from V ki where l 1 < k i ≤ l 2 and say j 2 , then j 2 > j 1 and ∀i ≥ j 2 if W i uses V kn , then k n > l 2 .
Similarly alternately choose l m and j m . For each m if we consider the least m k > l m , then :
For each V ∈ V kn with k n ≤ l 1 , V ∈ H kn and V ∈ U ki for each k i ≤ k n . Then V ∈ U 1 and let G 1 be collection of such V ∈ V kn with k n ≤ l 1 . Then G 1 ⊆ U 1 is a finite subset. Now for each V ∈ V kn with l p < k n ≤ l p+1 (as p < l p ), V ∈ H kn and V ∈ U ki for each k i ≤ k n . Then V ∈ U lp and let G p be collection of such V ∈ V kn with l p < k n ≤ l p+1 . Then G p is a finite subset of U i . Observe that G i ⊆ U j for each j ≤ i.
For each k, let
Since each W n is finite and pairwise disjoint, each A k is a cofinite subset of natural numbers and hence belongs to F (I)(as I is admissible). Then by S 1 (F (I), F (I)), there is a sequence < k i : i ∈ ω > such that k i ∈ A i for each i, and {k 1 < k 2 < ...} ∈ F (I). Then W k1 ⊆ i>1 G i . Since W k1 is finite, W k1 is contained in union of elements of finitely many G i 's for i > 1 and let F 1 denote the collection of all the sets in these finitely many G i 's. As W k2 ⊆ i>2 G i . Since W k2 is finite, W k2 is contained in union of finitely many G i 's for i > 2 and let F 2 denote the collection of all the sets in these finitely many G i 's. Similarly we get a sequence < F n : n ∈ ω > such that for each n, F n is a finite subset of U n and W kn ⊆ F n .
Since I is an inverse invariant ideal, for f :
Then we have that for each x ∈ X, {p ∈ ω : x ∈ F p } ∈ I. It follows that X has IH property.
In [10] , Hurewicz property is characterized by Hurewicz measure zero property. Now we characterize I-Hurewicz property by I-Hurewicz measure zero property. d) is Hurewicz measure zero if for each sequence < ǫ n : n ∈ ω > of positive real numbers there is a sequence < V n : n ∈ ω > such that:
(1) for each n, V n is a finite set of open subsets in X;
(2) for each n, each member of V n has d-diameter less than ǫ n ;
(3) n∈ω V n is a groupable cover of X.
Now we define its ideal version.
Definition 3.16. A metric space (X, d) is I-Hurewicz measure zero if for each sequence < ǫ n : n ∈ ω > of positive real numbers there is a sequence < V n : n ∈ ω > such that:
(3) n∈ω V n is an I-groupable cover of X.
For the next theorem, we consider inverse invariant ideals to characterize I-Hurewicz property.
Theorem 3.17. Let I be an inverse invariant ideal such that S 1 (F (I), F (I)) holds. If (X, d) is a zero-dimensional separable metric space with no isolated points for which CDR sub (O, O) holds, then following statements are equivalent:
(1) X has the I-Hurewicz property.
(2) X is I-Hurewicz measure zero with respect to every metric on X which gives X the same topology as d does.
Proof. For (1) ⇒ (2), let X has the I-Hurewicz property and let < ǫ n : n ∈ ω > be a sequence of positive real numbers. For each n, define U n = {U ⊂ X : U is open set with diam d (U ) < ǫ n }. Then U n is a large open cover of X for each n. Since X has I-Hurewicz property, by Corollary 3.9, there is a sequence < V n :∈ ω > such that for each n, V n is a finite subset of U n and V n is an I γ cover of X and so I-groupable cover of X. Hence X has I-Hurewicz measure zero with respect to every metric on X which gives X the same topology as d does. For (2) ⇒ (1), let d be an arbitrary metric on X which gives X the same topology as the original one. Let < U n : n ∈ ω > be a sequence of open covers of X. Since X is zero-dimensional metric space, replace U n by {U ⊆ X : U clopen, diam d (U ) < 1/n and ∃V ∈ U n such that U ⊆ V } for each n. Also X is separable metric space, replace last cover by a countable subcover {U m : m ∈ ω}. Since the cover is countable and sets are clopen, it can be made disjoint clopen cover refining U n for each n. Also for each n, each member of this new cover has diam d ≤ 1/n. Also by taking intersections of each new cover with the next new cover we obtain (3) . Now name this last cover U ⋆ n for each n. So < U ⋆ n : n ∈ ω > is a sequence of open covers such that for each n:
(1) U ⋆ n is clopen disjoint cover of X refining U n ;
where n is the least such that there exist U ∈ U ⋆ n with x ∈ U and y / ∈ U . It can be easily seen that d ⋆ generates the same topology on X as d does. Since X has I-Hurewicz measure zero with respect to d ⋆ , by setting ǫ n = 1/(n + 1) for each n, there are finite sets V n such that diam ⋆ d (U ) is less than ǫ n (= 1/(n + 1)) whenever U ∈ V n , and n∈ω V n is I-groupable cover of X.
Let < W n : n ∈ ω > be a sequence of finite subsets of n∈ω V n such that W m ∩ W n = ∅ whenever m = n, and k∈ω W k = n∈ω V n , and for each y ∈ X, {n ∈ ω : y / ∈ W n } ∈ I. Since W 1 is finite, so choose i 1 such that W 1 ⊆ i≤i1 V i . Then i≤i1 V i is finite and exhausted in a finite number of W k 's and choose j 1 such that for each
i1<i≤i2 V i is finite and exhausted in a finite number of W k 's and choose j 2 such that for each i ≥ j 2 , if V ∈ W i , then V / ∈ i1<i≤i2 V i . Alternatively, we choose sequences 1 < i 1 < i 2 < ... < i m < ... and j 0 = 1 < j 1 < j 2 < ... < j m < ... such that :
Then for each element V of W j k has d ⋆ -diameter less than
is an open ball centered at x ∈ V and of radius 1/k + 1 in (X, d ⋆ ). Now B ⋆ d (x, 1/k + 1) = {y ∈ X : d ⋆ (x, y) < 1/k + 1}. So for each y ∈ B ⋆ d (x, 1/k + 1), d ⋆ (x, y) < 1/k + 1, there is U ∈ U ⋆ n such that x ∈ U and y / ∈ U for some n > k. So for all k ≤ n, there is no set U ∈ U ⋆ k such that x ∈ U and y / ∈ U . Thus for all k ≤ n, there is a set U ∈ U ⋆ k such that x, y ∈ U for all x, y ∈ B ⋆ d (x, 1/k + 1), that is, B ⋆ d (x, 1/k + 1) ⊆ U ∈ U ⋆ k for all k ≤ n. Thus, by definition of d ⋆ , each element V of W j k is a subset of an element of U ⋆ k , each of which in turn is a subset of an element of U k . For each k and for each element V of W j k , choose a U ∈ U ⋆ k with V ⊆ U and let G k be the finite set of such chosen U 's. So for each k, W j k ⊆ G k .
For each k, let A k = {n ∈ ω : W n ⊆ i>k G i }. Since each W n is finite and pairwise disjoint, each A k is a cofinite subset of natural numbers and hence belongs to F (I)(as I is admissible). Then by S 1 (F (I), F (I) ), there is a sequence < k i : i ∈ ω > such that k i ∈ A i for each i, and {k 1 < k 2 < ...} ∈ F (I). Then W k1 ⊆ i>1 G i . Since W k1 is finite, W k1 is contained in union of elements of finitely many G i 's for i > 1 and for each element of these finitely many G i 's, there is W ∈ U ⋆ 1 (by (iii)), each of which in turn is a subset of an element of U 1 and the collection is denoted by
is contained in union of elements of finitely many G i 's for i > 2 and and for each element of these finitely many G i 's, there is W ∈ U ⋆ 2 (by (iii)), each of which in turn is a subset of an element of U 2 and the collection is denoted by F 2 . Similarly we get a sequence < F n : n ∈ ω > such that for each n, F n is a finite subset of U n and W kn ⊆ F n .
Then we have that for each x ∈ X, {p ∈ ω : x / ∈ F p } ∈ I. It follows that X has IH property.
Properties of SSIH spaces
Selection principles and SSIH property In [16] , strongly star-Hurewicz property is characterized by SS ⋆ f in (O, O gp ). Now we present its ideal version to characterize SIH property for inverse invariant ideals. Then by SSIH property of X, there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of X and for each x ∈ X, {n ∈ ω : x / ∈ St(V n , U n )} ∈ I. Then {St(V n , U n ) : n ∈ ω} is an I γ -cover of X and I-groupable cover of X.
Conversely, let SS ⋆ f in (O, I − O gp ) holds and < V n : n ∈ ω > be a sequence of open covers of X. From covers V n , n ∈ ω, we define new covers W n ∈ Ω in the following way :
For each element of W n choose a representation of the form V 1,m1 ∩V 2,m2 ∩...∩V n,mn with m i ∈ ω. Apply (2) to the sequence < W n : n ∈ ω > to find for each n, a finite set A n ⊂ W n such that {St(A n , W n ) : n ∈ ω} ∈ I −O gp . Thus we can choose finite, pairwise disjoint sets H n , n ∈ ω, such that {St(A n , W n ) : n ∈ ω} = n∈ω H n , and each x ∈ X, {n ∈ ω : x / ∈ H n } ∈ I. Now for n, define B n = {k ∈ ω : H k ⊆ {St(A i , W i ) : i > n}}. Since each H n is finite and pairwise disjoint, each B n is cofinite subset of natural numbers and hence belongs to F (I)(as I is admissible). As S 1 (F (I), F (I)) holds, there is a sequence < k i : i ∈ ω > such that k i ∈ A i for each i, and {k 1 < k 2 < ...} ∈ F (I). Then H k1 ⊆ {St(A i , W i ) : i > 1}. Let G 1 denote the union of the sets A i such that
Continuing in this way, we obtain finite subsets G n of X.
Then the sequence < G n : n ∈ ω > witnesses for < V n : n ∈ ω > the SSIH property of X.
From the above theorem, it is natural to consider the selection principle SS ⋆ 1 (O, I− O gp ) that is naturally related to the SSIH property. For the relationship between these, we need the following definition. , there is a sequence < U n : n ∈ ω > such that for each n, U n ⊆ W n , for m = n and for each finite subset F of X, {St(x, W m ) : x ∈ F }∩{St(x, W n ) : x ∈ F } = ∅, and each W n is an open cover of X. For each n, define < V n : n ∈ ω > an open cover of X by putting V n = (n−1)n/2<i≤n(n+1)/2 U i . By applying hypothesis of the theorem to the sequence < V n : n ∈ ω >, we get a sequence < A n : n ∈ ω > of subsets of X such that for each n, |A n | ≤ n and {St(A n , V n ) : n ∈ ω} is an I γcover of X. Now write A n = {x i : (n − 1)n/2 < i ≤ n(n + 1)/2}. Now to prove that the set {St(x n , W n ) : n ∈ ω} is an open I-groupable cover of X. Define a sequence n 1 < n 2 < ... < n k < ... of natural numbers by n k = k(k − 1)/2. Then, for each
Properties of SIH spaces
Selection principles and SIH property In [16] , star-Hurewicz property is characterized by U ⋆ f in (O, O gp ). Now we present its ideal version to characterize SIH property for inverse invariant ideals. Then by SIH property of X, there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U n and for each x ∈ X, {n ∈ ω : x / ∈ St( V n , U n )} ∈ I. Then {St( V n , U n ) : n ∈ ω} is an I γ -cover of X and I-groupable cover of X.
Conversely, let U ⋆ f in (O, I − O gp ) holds and < V n : n ∈ ω > be a sequence of open covers of X. From covers V n , n ∈ ω, we define new covers W n ∈ Ω in the following way :
For each element of W n choose a representation of the form V 1,m1 ∩V 2,m2 ∩...∩V n,mn with m i ∈ ω. Apply (2) to the sequence < W n : n ∈ ω > to find for each n, a finite set A n ⊂ W n such that {St( A n , W n ) : n ∈ ω} ∈ I − O gp . Thus we can choose finite, pairwise disjoint sets H n , n ∈ ω, such that {St( A n , W n ) : n ∈ ω} = n∈ω H n , and each x ∈ X, {n ∈ ω : x / ∈ H n } ∈ I. Now for n, define A n = {k ∈ ω :
Since each H n is finite and pairwise disjoint, each A n is cofinite subset of natural numbers and hence belongs to F (I)(as I is admissible). As S 1 (F (I), F (I)) holds, there is a sequence < k i : i ∈ ω > such that k i ∈ A i for each i, and {k 1 < k 2 < ...} ∈ F (I). Then H k1 ⊆ {St( A i , W i ) : i > 1}. Let G 1 denote the set of all V 1,p , that occurs as a first components in the chosen representations of elements of A i such that
Let G 2 denote the set of all V 1,p , that occurs as a second components in the chosen representations of elements of A i such that St( A i , W i ) ∈ H k2 . Continuing in this way, we obtain finite sets G n ⊂ V n .
x ∈ H n } ∩ {k n : n ∈ ω} ∈ F (I), since {n ∈ ω : x ∈ H n }, {k n : n ∈ ω} ∈ F (I). So {n ∈ ω : x ∈ St( G n , V n )} ∈ F (I).
Then the sequence < G n : n ∈ ω > witnesses for < V n : n ∈ ω > the SIH property of X.
From the above theorem, it is natural to ask :
Now consider a space X satisfies the following condition closely related to the SIH property :
SIH ≤n : For each sequence < U n : n ∈ ω > of open covers of X, there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U n having atmost n elements and x ∈ X, {n ∈ ω : x / ∈ St( V n , U n )} ∈ I. The answer to this question is given by the next theorem. For it we need the following definition. is an open cover of X. For each n, define < V n : n ∈ ω > an open cover of X by putting V n = {U i : (n − 1)n/2 < i ≤ n(n + 1)/2}. By applying SIH ≤n to the sequence < V n : n ∈ ω >, we get a sequence < W n : n ∈ ω > such that for each n, |W n | ≤ n, W n ⊆ V n and {St( W n , V n ) : n ∈ ω} is an I γ -cover of X. Now write W n = {W i : (n − 1)n/2 < i ≤ n(n + 1)/2}. For each W i take also the set U i ∈ U i which is a term in the representation of W i given above. Now to prove that the set {St(U n , G n ) : n ∈ ω} is an open I-groupable cover of X. Define a sequence n 1 < n 2 < ... < n k < ... of natural numbers by n k = k(k − 1)/2. Then, for each x ∈ X,
Now recall that a space X is zero-dimensional if it has a base consisting of clopen sets.
It is known that in a paracompact Hausdorff space, IH property and SIH property are equivalent. By taking stronger conditions than paracompact we drop Hausdorffness.
Theorem 5.5. In a zero-dimensional Lindelöf space X, X has the IH property if and only if it has the SIH property in X.
Proof. Suppose that X is IH space. Let < U n : n ∈ ω > be a sequence of open covers of X. Since X is IH space, there is a sequence < W n : n ∈ ω > such that for each n, W n is a finite subset of U n and for each y ∈ X, {n ∈ ω : y / ∈ W n } ∈ I. Then by W n ⊆ St( W n , U n ), X is SIH space. Now suppose that X has SIH property. Let < U n : n ∈ ω > be a sequence of open covers of X. Since X is zero dimensional, there is basis B consisting of clopen sets. Then replace each U ∈ U n by B ∈ B such that B ⊆ U . Since X is Lindelöf space, U n is countable clopen cover for each n. Now enumerate U n = {B n 1 , B n 2 , ...} for each n. Consider U ′ n = {B n 1 , B n 2 \ B n 1 , ...} for each n. Then U ′ n is disjoint clopen cover of X for each n. Now apply SIH property of X to < U ′ n : n ∈ ω >, there is a sequence < V n : n ∈ ω > such that for each n, V n is a finite subset of U ′ n and for each x ∈ X, {n ∈ ω : x / ∈ St( V n , U ′ n )} ∈ I. Since U ′ n is disjoint, then St( V n , U ′ n ) = V n . Then {k ∈ ω : x / ∈ V k } ∈ I. For each n and each V ∈ V n there is U ∈ U n such that V ⊆ U . Let G n be collection of these sets for each n. Then G n is finite subset of U n for each n and St( V n , U ′ n ) = V n ⊆ G n . Hence < G n : n ∈ ω > is the required sequence.
Corollary 5.6. In a zero-dimensional Lindelöf space X, X has the star-Hurewicz property if and only if it has the Hurewicz property.
